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OPTIMIZATION OF OPERATIONAL AIRCRAFT PARAMETERS
REDUCING NOISE EMISSION
LINA ABDALLAH, MOUNIR HADDOU AND SALAH KHARDI
Abstrat. The objetive of this paper is to develop a model and a mini-
mization method to provide ight path optimums reduing airraft noise in
the viinity of airports. Optimization algorithm has solved a omplex optimal
ontrol problem, and generates ight paths minimizing airraft noise levels.
Operational and safety onstraints have been onsidered and their limits sat-
ised. Results are here presented and disussed.
Nomenlature
Czα slope of lift oeient urve δx throttle setting
Cx0 drag oeient ki indued drag parameter
T thrust, N V speed of airraft,m/s
L lift, N S wing area,m2
D drag, N c speed of sound,m/s
g 9.8m/s2 M mah number, V/c
x horizontal distane,m ρ air density, kg/m3
y lateral distane,m d nozzle diameter,m
h airraft height,m s area of oaxial engine nozzle,m2
k indued drag oeient v speed of gas,m/s
t time, s w density exponent
µ roll angle, rad τ temperature, K
α angle of attak, rad θ diretivity angle, rad
γ ight path angle, rad R soure-to-observer distane,m
χ yaw angle, rad m airraft mass, kg
1. Introdution
Sine the introdution of jet airraft in the 1960, airraft noise produed in the
viinity of airports has represented a serious soial and environmental issue. It is
a ontinuing soure of annoyane in nearby ommunities. The importane of that
problem has been highlighted by the inreased publi onern for environmental
issues. To deal with this problem, airraft manufaturers and publi establishments
are engaged in researh on tehnial and theoretial approahes for noise redution
onepts that should be applied to new airraft. The ability to assess noise exposure
aurately is an inreasingly important fator in the design and implementation of
any airport improvements.
Key words and phrases. Optimization, models, predition methods, optimal ontrol, airraft
noise abatement.
Laboratoire de Mathématiques et Appli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Airraft are omplex noise soures and the emitted intensities vary with the type
of airraft, in partiular, with the type of engines and with the implemented ight
proedures. The noise ontour assessment due to the variety of ight route shemes
and predited proedures is also omplex. A set of data must be used whih inludes
noise data, ight path parameters and their features, and environmental onditions
aeting outdoor sound propagation. Three development initiatives are available
for the redution of airraft noise: (1) innovative passive tehnologies required by
the industry for developing environmentally ompatible and eonomially viable air-
raft, (2) advaned ative tehnologies suh as omputational aeroaoustis, ative
ontrol, advaned propagation and predition methods, (3) reliable trajetory and
proedures optimization whih an be used to determine optimal landing approah
for any arbitrary airraft at any given airport. The last ation will be partiularly
emphasized in the next setions.
A number of alulation programs of airraft noise impat have been developed
over the last 30 years. They have been widely used by airraft manufaturers and
airport authorities. Their reliability and results eieny to assess the real impat
of airraft noise have not been proved onlusively. They are omplex, very slow
and an not be planned for on-line and on-site use. That is the reason why, the
model desribed in this paper, generating optimal trajetories minimizing noise, is
onsidered as a promising sienti plan.
Several optimization odes for NLP exist in the literature. After a large number of
test and omparisons, we hoose KNITRO [7℄ whih known for its performanes and
robustness, this software is eient to solve general nonlinear programming. We
will explain in the following setions how the onsidered optimal ontrol problem
is disretized and solved. Numerial results have been analyzed and their relia-
bility and exibility have been proved. We have demonstrated the eetiveness
of omputation and its appliation to airraft noise redution. The objetive of
that alternative researh is to develop high payo models to enable a safe, and
environmentally ompatible and eonomial airraft. We should make large prots
in terms of noise abatement in omparison with the expeted noise ontrol sys-
tems in progress. These systems, whih are not in an advaned step, in partiular
at low frequenies, are still ineetive or impratial. Atually, the low-frequeny
broadband generated by the engines represents a signiant soure of environmen-
tal noise. Their radiation during ight operations is extremely diult to attenuate
using the mentioned systems and is apable of propagating over long distane [21℄.
Details of trajetory and airraft noise models, and optimal ontrol problems are
presented in setion 2 and 3 while the last setion is devoted to numerial experi-
ments.
2. Optimal Control Problem
2.1. Equation of Motion. In general, the system of dierential equations om-
monly employed in airraft trajetory analysis is the following six-dimension system
derived at the enter of mass of airraft :
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(ED)


V˙ = g
(
T cosα−D
mg
− sin γ
)
γ˙ =
1
mV
((T sinα+ L) cosµ−mg cos γ)
χ˙ =
(T sinα+ L) sinµ
mV cos γ
x˙ = V cos γ cosχ
y˙ = V cos γ sinχ
h˙ = V sin γ
where T = T (h, V, δx), D = D(h, V, α) and L = L(h, V, α).
These equations embody the assumptions of a onstant weight, symmetri ight
and onstant gravitational attration [1, 6℄.
Figure (1) shows the fores ating on an airraft at its enter of gravity during
an approah.
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Figure 1. Airraft fores during phase of desent
Those equations ould be applied to onventional airraft of all sizes. The most
dominant aerodynamis aeting results are the lift L and dragD, dened as follows
[6℄
L = 12ρSV
2Czαα
D = 12ρSV
2
[
Cx0 + kiC
2
zαα
2
]
The thrust model hosen, by Matthingly [13℄, depends expliitly on the airraft
speed, the geometri airraft height and the throttle setting
T = T0δx
ρ
ρ0
(
1−M +
M2
2
)
T0 is full thrust, ρ0 is atmospheri density at the ground (= 1.225 kg/m
3) and ρ is
atmospheri density at the height h (ρ = ρ0(1− 22.6× 10
−6h)4.26).
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The previous system of equations (2.1) an be written in the following generi
form :
X˙(t) = f(X(t), U(t))
where :
X : [t0, tf ] −→ IR
6
t −→ X(t) = [V (t), γ(t), χ(t), x(t), y(t), h(t)] are the state variables,
U : [t0, tf ] −→ IR
3
t −→ U(t) = [α(t), δx(t), µ(t)] are the ontrol variables,
and t0 and tf are the initial and nal times.
2.2. Constraints. Searh for optimal trajetories minimizing noise must be done
in a realisti ight domain. Indeed, operational proedures are performed with re-
spet to parameter limits related to the safety of ight and the operational modes
of the airraft.
• The throttle stays in some interval
δxmin ≤ δx ≤ δxmax
• The speed is bounded
1.3Vs0 ≤ V ≤ Vmax
where Vs0 the stall veloity, the limited veloity at whih the airraft an
produe enough lift to balane the airraft weight. Vs0 and Vmax depend
on the type of airraft.
• The ight path angle providing a measure of the angle of the veloity to
the inertial horizontal axis, is bounded
γmin ≤ γ ≤ γmax
• The angle of attak is bounded
αmin ≤ α ≤ αmax
• The yaw angle and roll angle stay in some presribed interval
χmin ≤ χ ≤ χmax
µmin ≤ µ ≤ µmax
Those inequality onstraints ould be formulated as:
a ≤ C(X(t), U(t)) ≤ b
where
(1)
C : IR6 × IR3 −→ IR6
(X(t), U(t)) −→ C(X(t), U(t)) = [γ(t), V (t), χ(t), α(t), δx(t), µ(t)]
a and b are two onstant vetors of IR6.
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2.3. Cost funtion. Models and methods used to assess environmental noise prob-
lems must be based on the noise exposure indies used by relevant international
noise ontrol regulations and standards (ICAO [9, 10℄, Lambert and Vallet [9℄).
As desribed by Zaporozhest and Tokarev [29℄, these indies vary greatly one from
another both in their struture, and in the basi approahes used in their denitions.
The ost funtion to be minimized may be hosen as any usual airraft noise in-
dex, whih desribes the eetive noise level of the airraft noise event [29, 30℄, like
SEL (Sound Exposure Level), theEPNL (Eetive Pereived Noise Levels) or the
Leq,∆t (Equivalent noise level), ... It is well known that the magnitude of Leq,∆t
orrelates well with the eets of noise on human ativity, in partiular, with the
perentage of highly noise-annoyed people living in regions of signiant airraft
noise impat. This riterion is ommonly used, as basis, for the regulatory basis in
many ountries. Based on omparison of noise exposure indies and a omparison
of the methodologies used to alulate the airraft noise exposure, it an be on-
luded that the general form of the most used and aepted noise exposure index
is Leq,∆t that we have hosen as an index ([11, 15℄). Leq,∆T is expressed by:
(2) Leq,∆T = 10 log
1
∆T
∫ tf
t0
100.1LP (t)dt
where t0 initial time, tf nal time, ∆T = tf − t0 and LP (t) is the overall sound
pressure level (in deibels).
We will dene in the next subsetion the analyti method to ompute the noise
level at any reeption point.
Calulation method for airraft noise levels
The airraft noise levels LP at a reeiver is obtained by the following formula
based on works [16, 31℄:
(3) LP = Lref − 20 log10R+∆atm +∆ground +∆V +∆D +∆f
where Lref is the sound level at the soure, 20 log10R is a orretion due to geo-
metri divergene, ∆atm is the attenuation due to atmospheri absorption of sound.
The other terms ∆ground,∆V ,∆D,∆f orrespond respetively to the ground ef-
fets, orretion for the Doppler, orretion for duration emission and orretion
for the frequeny.
In this paper, we have used a semi-empirial model to predit noise generated
by onventional-veloity-prole jets exhausting from oaxial nozzles prediting the
airraft noise levels represented by the jet noise [22℄ whih orresponds to the main
predominated noisy soure. It is known that jet noise onsists of three prinipal
omponents. They are the turbulent mixing noise, the broadband shok assoiated
noise and the sreeh tones. At the present time, this rst approximation have been
used herein. It seems to be orret in that step of researh beause the omplexity
of the problem. Many studies have agreed with this model and full-sale experi-
mental data even at high jet veloities in the region near the jet axis. Numerial
simulation of jet noise generation is not straightforward undertaking. Norum and
Brown [17℄, Tam and Auriault [23, 24, 25℄ had earlier disussed some of the major
omputational diulties antiipated in suh eort. At the present time, there are
reliable to jet noise predition. However, there is no known way to predit tone
intensity and diretivity; even if it is entirely empirial. This is not surprising for
the tone intensity whih is determined by the nonlinearities of the feedbak loop.
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Obviously, to omplete this study we will need to integrate other noise soure mod-
els in partiular aerodynamis.
Although the numerous aspets of the mehanisms of noise generation by oax-
ial jets are not fully understood, the neessity to predit jet noise has led to the
development of empirial proedures and methods. During the desent phase, the
jet airraft noise as well as propeller airraft noise is approximately omni-diretional
and the noise emission is dereasing with dereasing speed when assuming that the
power setting is onstant. The jet noise results from the turbulene reated by
the jet mixing with the surrounding air. Jet mixing noise aused by subsoni jets
is broadband in nature (its frequeny range is without having spei tone om-
ponent) and is entered at low frequenies. Subsoni jets have additional shok
struture-related noise omponents that generally our at a higher frequenies.
The predition of jet noise is extremely omplex. The used methods in system
analysis and in the engine design usually employed simpler or semi-empirial pre-
dition tehniques. By replaing the predited jet noise level [22℄ in (3), we obtain
the following expression
(4)
LP (t) =


141 + 10 log10
(
ρ1
ρ
)w
+ 10 log10
(
Ve
c
)7.5
+ 3 log10
(
2s1
πd2
+ 0.5
)
+10 log10


(
1−
v2
v1
)me
+ 1.2
(
1 +
s2v
2
2
s1v21
)4
(
1 +
s2
s1
)3

+ 10 log10 s1
+ log10
τ1
τ2
+ 10 log10
((
ρ
ρISA
)2(
c
cISA
)4)
−20 log10 R− 15 log10(CD(Mc, θ))− 10 log10(1 −M cos θ),
where
v1 speed of jet gas at inner ontours
v2 speed of jet gas at outer ontours
s1 area of oaxial engine nozzle at inner ontours
s2 area of oaxial engine nozzle at outer ontours
τ1 temperature at inner ontours
τ2 temperature at outer ontours
ρ1 atmospheri density at inner ontours
ρISA International Standard Atmosphere density
cISA International Standard Atmosphere for speed of sound.
The eetive speed Ve is dened by:
Ve = v1[1− (V/v1) cos(αT )]
2/3.
The angle of attak αT , the upstream axis of the jet relative to the diretion of
airraft motion has been negleted in this study.
The distane soure to the observer is
R = (x− xobs)
2 + (y − yobs)
2 + h2
where (xobs, yobs) are the oordinates of the observer. ∆V is expressed by
∆V = −15 log(CD(Mc, θ))− 10 log(1−M cos θ)
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where CD(Mc, θ) indiate the Doppler onvetion fator:
CD(Mc, θ) = [(1 +Mc cos θ)
2 + 0.04M2c ],
the Mah number of onvetion is:
Mc = 0.62(v1 − V )/c
and w =
3(Ve/c)
3.5
0.6 + (Ve/c)3.5
− 1.
The validity of this improved predition model is established by fairly extensive
omparisons with model-sale stati data [26℄. Insuient appropriate simulated-
ight data are available in the open literature, so veriation of ight eets during
airraft desent has to be established. Analysis by Stone and al. [22℄ has shown
that measured data are used to alibrate the behavior of the used jet noise model
and its impliations from theory. Nowadays, the above formulation is being onsid-
ered realisti ompared to others desribed in applied and fundamental literature
dealing with jet noise of airraft during desent operations.
Taking aount the formulas (2) and (4), we obtain our ost funtion in the following
integral funtion form
J : C1([t0, tf ], IR
6)× C1([t0, tf ], IR
3) −→ IR
(X(t), U(t)) −→ J(X(t), U(t)) =
∫ tf
t0
ℓ(X(t), U(t))dt
J is the riterion for optimizing the noise level at the reeption point. It doesn't
depend of χ, γ and U .
2.4. Optimal Control Problem. Finding an optimal trajetory, in term of min-
imizing noise emission during a desent, an be mathematially stated as an ODE
optimal ontrol problem. We opted dierent notations z ≡ X,u ≡ U and t0 = 0:
(OCP )


min J(z, u) =
∫ tf
0
ℓ(z(t), u(t))dt
z˙(t) = f(z(t), u(t)), ∀t ∈ [0, tf ]
zI1(0) = c1, zI2(tf ) = c2
a ≤ C(z(t), u(t)) ≤ b
where J : IRn+m → IR, f : IRn+m → IRn and C : IRn+m → IRq orrespond
respetively to the ost funtion, the dynami of the problem, and the onstraints
dened in the previous setion. The initial and nal values for the sate variables
((x(0), y(0), h(0), V (0)) and (x(tf ), y(tf ), h(tf )) are xed. nℓ := |I1| + |I2| is the
total number of xed limit values of the state variables.
To solve our problem (nd the optimal ontrol u(t) and the orresponding opti-
mal state z(t)), we disretize the ontrol and the state with idential grid and
transribe optimal ontrol problem into nonlinear problem with onstraints. The
next setion may be helpful in telling how the problem ould be solved. They
will present theoretial onsideration and omputational proess that yield to ight
paths minimizing noise levels at a given reeiver.
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3. Disrete Optimal Control Problem
To solve (OCP ) dierent methods and approahes an be used [3, 28℄. In this
paper, we use a diret optimal ontrol tehnique : we rst disretize (OCP ) and
then solve the resulting nonlinear programming problem.
3.1. Disretization. We use an equidistant disretization of the time interval as
0 = t0 < ... < tN = tf
where :
tk = t0 + kh, k = 0, ..., N and h =
tf − t0
N
.
Then we onsider that u(.) is parameterized as a pieewise onstant funtion :
u(t) := uk for t ∈ [tk−1, tk[
and use a Runge-Kutta sheme (Heun) to disretize the dynami :

zk+1 = zk + h
s∑
i=1
bif(zki, uk)
zki = zk + h
s∑
j=1
aijf(zkj , uk)
k = 0, . . . , N − 1, i = 1, . . . , s.
The new disrete objetive funtion is stated as :
J˜ =
N∑
k=0
ℓ(zk, uk).
The ontinuous optimal ontrol problem (OCP ) is replaed by the following dis-
retized ontrol problem :
(NLP )


min
N∑
k=0
ℓ(zk, uk)
zk+1 = zk + h
s∑
i=1
bif(zki, uk), k = 0, . . . , N − 1
zki = zk + h
s∑
j=1
aijf(zkj , uk), k = 0, . . . , N − 1
z0I1 = c1, zNI2 = c2
a ≤ C(zk, uk) ≤ b, k = 0, . . . , N
To solve (NLP) we developped an AMPL [2℄ model and used a robust interior point
algorithm KNITRO [7℄. We hoose this NLP solver after numerous omparisons
with some other standard solvers available on the NEOS (Server for Optimization)
platform.
4. Numerial results
For dierent ases and ongurations, we onsider an airraft approah with an
initial ondition (x0 = 0; y0 = 0;h0 = 3500m) a nal ondition (xf = 60000m; yf =
5000 m;hf = 500 m) and for a xed tf = 10 min and a disretization parameter
N = 100 or N = 200.
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We rst onsider the simplest onguration of one single observer and no additional
onstraint.
4.1. One xed observer. For various positions (xobs, yobs) of an observer on the
ground (near the airraft trajetory) we alulate the optimal noise level J (orre-
sponding to our optimal trajetory Tr) and the noise level J1 orresponding to the
trajetory Tr1 that minimizes the "fuel onsumption" (re minimizing) the simple
following model of onsumption [6℄:
CO(h, V, δx) =
∫ tf
0
CSRT (t)dt
where CSR is supposed onstant.
The following table summarizes the obtained results.
(xobs, yobs) J (dB) max(f.e, o.e) CPU (s) J1(dB) J1 − J(dB) %CO
(0, 0) 45.92 7.92e− 07 10 47.03 1.1 36%
(0, 2500) 44.95 8.76e− 07 8.4 46.32 1.4 36%
(0, 5000) 43.27 3.44e− 07 9.8 44.93 1.7 36%
(20000, 0) 48.97 4.66e− 07 10.4 51.04 2.10 33%
(20000, 2500) 49.58 2.81e− 08 10.6 51.55 2 26%
(20000, 5000) 47.18 8.36e− 07 9.8 49.70 2.5 36%
(40000, 0) 47.59 6.73e− 07 14.6 49.52 2 26%
(40000, 2500) 50.76 4.21e− 07 6.9 52.87 2.11 26%
(40000, 5000) 49.74 6.92e− 07 11.9 51.72 2 24%
(60000, 0) 42.85 5.29e− 07 7.2 45.00 2.15 34%
(60000, 2500) 45.04 6.90e− 07 6.7 48.014 3 36%
(60000, 5000) 48.84 7.10e− 07 6 54.18 5.34 38%
Table 1. Noise minimization
For eah ase, the algorithm (KNITRO[7℄) found a solution with a very high au-
ray. The omputation of Tr1 have been done only one time; it needs 7s with an
auray of max(f.e, o.e) = 4.24e− 07.
The third olumn of Table 1 measure the maximum of feasibility error and op-
timality error, the fourth one gives an idea on the omputation eort (namely the
CPU time). The two last olumns orrespond to the noise redution and % of
exeeded onsumption : %CO = (CO(Tr) − CO(Tr1))/CO(Tr).
Our trajetory that minimizes the noise onsume about 31% more than the traje-
tory minimizing the onsumption.
The following gure showing the solution trajetory Tr, where the xed observer
presents a ertain area near the airport :
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Figure 2. Trajetory in 3D
The following gures present the state and ontrol variables of the optimal tra-
jetory Tr. We remark that the optimal variables h, V, χ, α and µ present some
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Figure 3. Solutions of (NLP )
large onstant stages, while γ and δx are bang-bang.
4.1.1. One xed observer with an additional onsumption onstraint. Table (1)
shows that the optimal trajetory Tr onsumes about 31% more that Tr1. This
fat makes of interest some additional onstraint on the onsumption.
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We dene a new problem :
(5) (OCP )2


min Leq,∆t
z˙(t) = f(z(t), u(t))
zI1(0) = c1, zI2(tf ) = c2
CO(z(t), u(t)) <= 1.1CO(Tr1)
This problem an be solved using the same tehniques (disretization,...) and the
same ongurations. We obtain the following results.
(xobs, yobs) J (dB) max(f.e, o.e) J1(dB) CPU (s)
(0, 0) 46.32 9.94e− 07 47.03 9.6
(0, 2500) 45.44 9.17e− 07 46.32 13.2
(0, 5000) 43.94 9.49e− 07 44.93 13.1
(20000, 0) 49.79 7.25e− 07 51.04 18.6
(20000, 2500) 50.32 8.75e− 07 51.55 8.5
(20000, 5000) 48.33 9.37e− 07 49.70 20
(40000, 0) 48.16 7.54e− 07 49.52 33.3
(40000, 2500) 51.43 6.55e− 07 52.87 9.3
(40000, 5000) 50.31 6.90e− 07 51.72 20.4
(60000, 0) 43.81 9.74e− 07 45.00 34.8
(60000, 2500) 46.40 7.69e− 07 48.014 27.9
(60000, 5000) 51.32 9.30e− 07 54.18 17.8
Table 2. Noise minimization
The following gures present the state and ontrol variables and the solution tra-
jetory Tr :
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Figure 4. Trajetory in 3D
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Figure 5. Solutions of (OCP )2
We obtain approximately the same harateristi for the trajetory while the
noise redution is still signiative.
4.2. Several observers xed on the ground. We an generalize the proessus
of minimization for several observers. In this ase, we minimize the maximum of
noise orresponding to several observers.
The problem to solve is written as follows :
(6) (OCP )3


minϑ
ϑ >= Jobsj
z˙(t) = f(z(t), u(t))
zI1(0) = c1, zI2(tf ) = c2
where Jobsj are the noise levels orresponding to j xed observers.
One again, we use a diret method to solve the problem (OCP )3 with the same
modeling language and software.
We hoose ve observers : (obs1(0, 0), obs2(20000, 2500), obs3(40000, 5000),
obs4(60000, 0), obs5(60000, 5000)) whih represent a ertain area near the airport.
We obtained an optimal solution, the obtained noise level is 49.65 dB, the auray
of the results is still very high (max(f.o, e.o) = 5.89e− 07) and the algorithm takes
no more 130s on a standard PC. This trajetory is about 5 dB less that J1(54.18
dB).
The trajetory harateristis are given in the following gures:
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Figure 6. Trajetory in 3D with several observers
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Figure 7. Solutions of (OCP )3
Almost all state and ontrol variables (exept α and V ) present large onstant
stages. The ontrol variables δx and µ are bang-bang between their presribed
bounds.
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5. Conlusion
We have performed a numerial omputation of the optimal ontrol issue. An
optimal solution of the disretized problem is found with a very high auray. A
noise redution is obtained during the phase approah by onsidering the ong-
uration of one and several observers. The trajetory obtained presents interesting
harateristis and performanes.
Extensions of the analysis on the urrent problem should inlude other soure of
noise. This feature is partiularly important sine improved noise model that better
represent individual noise soures (engines, airframe,...). It should be remembered
that this model is foused on single event ight. Additional researhes are needed
to fully assess the inuene of wind and other atmospheri onditions on noise pre-
dition proess. The noise studies have, as yet, been limited to a single airraft
type equipped with two engines. Further researh should onsider multiple ights
model onsidering airport apaity and nearby onguration.
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